Abstract. We determine here the groups of the title up to isomorphism. As a result we obtain three infinite classes of 2-groups and an exceptional group of order 2 5 .
In [2, § §57, 90, 92] we have developed some techniques for working with minimal non-abelian subgroups of finite p-groups. Roughly speaking, they show that some control over the lattice of subgroups in p-groups can be gained by considering maximal abelian subgroups together with minimal non-abelian subgroups. Here we illustrate this by proving the following result:
Theorem A. Let G be a finite non-abelian 2-group such that any two distinct minimal non-abelian subgroups of G have cyclic intersection. Then we have one of the following possibilities:
(a) G is minimal non-abelian; (b) G is a 2-group of maximal class; (c) G ¼ Q Â V , where Q G Q 2 n is generalized quaternion with n d 3, and V 0 f1g is elementary abelian; G is of class 3, and maximal subgroups of G are hh; vi G H 2 (minimal nonabelian), hai Â hh 2 i (abelian of type ð8; 2Þ) and hah; vi Â hh 2 i ðG Q 8 Â C 2 Þ. Conversely, each of the above groups satisfies the assumption of our theorem.
Proof. Since minimal non-abelian 2-groups and 2-groups of maximal class satisfy the assumption of our theorem, we may assume that G is neither minimal non-abelian nor a 2-group of maximal class.
Suppose that G possesses non-commuting involutions. Since any two noncommuting involutions generate a dihedral subgroup, it follows that
is a subgroup of G, where ZðDÞ ¼ D 0 ¼ hzi and hu; zi and ht; zi are two four-
, contrary to our assumption. We have proved that W 1 ðGÞ is elementary abelian of order at most 4 (since G is not generalized quaternion).
Assume that E ¼ W 1 ðGÞ G ZðGÞ. Let t A E be a non-central involution and set H ¼ C G ðtÞ, so that E c H and H < G. Let S be a subgroup of G such that S > H and jS : Hj ¼ 2. Take an element
is not possible because there are no non-commuting involutions) or W 1 ðhxiÞ ¼ hui with u A E À W (in which case M is non-metacyclic minimal non-abelian with
so that G=H is isomorphic to a subgroup of D 8 and S < G. Since H is a maximal normal abelian subgroup of G, we may use [2, Lemma 57.1]. For any element g A G À S, there is h A H such that hg; hi is minimal non-abelian. By our assumption, hg; hi V W 1 ðSÞ is cyclic and so W 1 ðhg; hiÞ G C 2 which forces hg; hi G Q 8 . In particular, oðgÞ ¼ 4 and g 2 A E, so that g induces an involutory automorphism on E (since C G ðEÞ ¼ H < S). Let e A E be such that e 0 ¼ e g 0 e; since ðe 0 Þ g ¼ e g
2 ¼ e we have ðee 0 Þ g ¼ ee 0 0 1. Hence hg; ei is minimal non-abelian with hg; ei 0 ¼ hee 0 i. But hg; ei V S d he; e 0 i G E 4 , contrary to our assumption. We have proved that E ¼ W 1 ðGÞ c ZðGÞ.
Suppose that all minimal non-abelian subgroups of G are quaternion. In this case [2, Theorem 90.1] implies that G ¼ Q Â V , where Q G Q 2 n is generalized quaternion with n d 3 and V 0 f1g is elementary abelian, and so we have obtained the groups stated in part (c) of our theorem.
In what follows we assume that G possesses a minimal non-abelian subgroup H ¼ ha; bi which is not quaternion. In what follows we shall determine the structure of any subgroup T > H with jT=Hj ¼ 2.
(i) First we show that T possesses at least one abelian maximal subgroup A. Assume that this is false. Let fX ; Y ; Zg be the set of maximal subgroups of H so that X , Y and Z are abelian and at least one of them, say X , is normal in T. In this case X is a maximal normal abelian subgroup of T. For each x A T À H, there is a A X such that hx; ai is minimal non-abelian (see [2, Lemma 57.1]) and so hx; ai G Q 8 . In particular, oðxÞ ¼ 4 and 1 0 x 2 A W 1 ðHÞ c FðHÞ and x 2 A ZðTÞ. It follows that FðTÞ ¼ FðHÞ which implies that Y and Z are also maximal normal abelian subgroups of T. Let x 0 be a fixed element in T À H so that X hx 0 i is non-abelian and each minimal non-abelian subgroup of X hx 0 i is isomorphic to Q 8 . By [2, Theorem 90.1], X hx 0 i ¼ R Â V , where R G Q 2 n with n d 3 and expðV Þ c 2. Since x 0 B FðX hx 0 iÞ and oðx 0 Þ ¼ 4 with x 2 0 A ZðTÞ, it follows that x 0 acts by inversion on X . Considering in the same way the non-abelian subgroups Y hx 0 i and Zhx 0 i, we conclude that x 0 also inverts Y and Z. But X U Y U Z ¼ H and so x 0 acts by inversion on H. This implies that H is abelian, a contradiction. We have proved that T possesses at least one abelian maximal subgroup A.
( 
so that jT 0 j ¼ 4 and so T has exactly one abelian maximal subgroup. Let X be any maximal subgroup of T distinct from A and H. Then X is non-abelian and each minimal non-abelian subgroup of X is isomorphic to Q 8 . By 
where a A A and
T=hzi is abelian, contrary to jT 0 j ¼ 4. Hence ½c; b 0 1 and hc; bi is minimal non-abelian, so that hc; bi G Q 8 (since hc; bi 0 H). It follows that ½c; b ¼ b 2 and c 2 ¼ b 2 . Consider the subgroup hcb; ai with ½cb; a ¼ z, so that hcb; ai G Q 8 (since hcb; ai 0 H). It follows that z ¼ a 2 ; and ðcbÞ
a contradiction. (iv2) It remains to consider the case W 1 ðHÞ G E 8 , so that 
where W 1 ðHÞ ¼ hh 2 ; zi G E 4 . For any element x A T À ðA U HÞ there is an element k A A such that hx; ki is minimal non-abelian (see [2, 
and so a 2 ¼ vh 2 . The structure of T is uniquely determined:
where all elements in A À H are of order 8 and A ¼ hai Â hh 2 i is abelian of type ð8; 2Þ.
It is now easy to determine the structure of G. We know that G=H 0 f1g is elementary abelian. Also, all minimal non-abelian subgroups of G are equal to H G H 2 and some quaternion subgroups. Suppose that jG=Hj > 2. Then there is a subgroup G 0 > H such that G 0 =H G E 4 . If T=H is a subgroup of order 2 in G 0 =H, then the structure of T is uniquely determined in (v) and for any other subgroup L=H of order 2 in G 0 =H, we have L G T. In particular, expðG 0 Þ ¼ expðTÞ ¼ 8. By [2, Theorem 92 .6], G 0 has a unique abelian maximal subgroup A 0 and A 0 V T ¼ A is the unique abelian maximal subgroup of T and is of type ð8; 2Þ. All elements in A 0 À H are of order 8 and W 2 ðA 0 Þ ¼ A 0 V H ¼ A V H which is abelian of type ð4; 2Þ. There is no such abelian group A 0 of order 2 5 . We have proved that G ¼ T and so we have obtained the group of order 2 5 stated in part (d) of our theorem. r
